We compute the decoupling function of the MS renormalized fine-structure constant up to four-loop order in perturbative QCD. The results are used in order to determine the related top-quark contributions to the Higgs-boson decay into two photons in the heavy top-quark mass limit to order α 4 s .
Introduction
The discovery of a Higgs-particle [1, 2] which is, within the current uncertainties, consistent with the expectations of the Standard Model (SM) Higgs boson (H) was a big success of the Large Hadron Collider (LHC) experiments. It is now interesting and important to further understand and study its properties also from theory side.
The dominant production mechanism for the SM Higgs boson at the LHC is the gluon fusion process, whereas the Higgs-boson decay into two photons, H → γγ, provides a clean channel for the study of its properties, not only at the LHC, but also at a future linear collider. As a result of this these processes are studied at high order in perturbation theory to obtain most accurate predictions. From theory point of view both reactions are loop induced processes, since the SM Higgs boson couples only to massive particles, so that the leading order processes are here already at the one-loop level. In the limit in which the heavy top-quark mass m t is much larger than the mass of the Higgs boson, m H ≪ 2m t , the fermionic contributions can be described by an effective coupling using a low-energy theorem (LET) [3] [4] [5] [6] .
Within this work we study higher order corrections in quantum chromodynamics (QCD) to the decay H → γγ. For electroweak corrections we refer to Refs. [7] [8] [9] [10] [11] . The two-loop QCD corrections are known since long and have been determined first in the heavy top-quark mass limit in Refs. [12, 13] . The full top-quark mass dependence has then been obtained numerically and analytically in Refs. [14] [15] [16] [17] [18] [19] [20] . In the following we will focus on the purely fermionic contributions to the decay H → γγ which form a gauge-invariant set of diagrams. We will further distinguish between the singlet and nonsinglet contributions. The latter are given by those diagrams for which the Higgs boson and the photons couple to the same top-quark loop. The three-loop QCD corrections of the non-singlet diagrams including power corrections up to O((m 2 H /(4m 2 t ))
2 ) were determined in Ref. [21] . This result was complemented in Ref. [22] , where additional power corrections of higher order in m 2 H /(4m 2 t ) as well as the complete singlet contribution has been computed. The symbol m H is here the mass of the Higgs boson and m t is the mass of the top quark.
The four-loop QCD corrections induced by a heavy quark were derived in the heavy quark mass limit by using the known results for the β-function and mass anomalous dimensions in Ref. [23] . In the following we will first compute the QCD corrections to the decoupling function of the QED coupling constant up to four-loop order. This extends the result of Ref. [23] by one order in perturbation theory. As an application we will use this result in order to derive independently the four-loop QCD corrections induced by a heavy quark to the decay H → γγ in the heavy top-quark mass limit by applying the LET, instead of using the anomalous dimensions as in Ref. [23] . In the next step we will in turn exploit the renormalization group equation (RGE) in order to reconstruct the logarithmic part of the vacuum polarization function at five-loop order, which is again sufficient in order to derive the corresponding contributions to the decay amplitude H → γγ to order α 4 s ; here α s is the strong coupling constant. This paper is structured as follows: In the next Section 2 we discuss the generalities and notations which are needed for this work. In Section 3 we describe the calculation and present our results. Finally we close with a short summary in Section 4. In the Appendix we provide supplementary information.
Generalities and notation
The partial decay width for the Higgs-boson decay into two photons is at leading order given by
where A W (τ W ) is the contribution which arises from purely bosonic diagrams and A f (τ f ) is the fermionic contribution to the amplitude, respectively. The symbol τ i denotes the mass ratio m
, where m W is the mass of the W -boson and m f is the mass of a heavy fermion. Within this work we focus only on the term A f (τ f ), since we will consider QCD at higher order in perturbation theory. In particular the fermionic contribution of the amplitude is dominated by the contribution which originates from the top quark, A t (τ t ) (f = t), since the top quark is the heaviest fermion of the SM. In the limit of a heavy top-quark mass, m t → ∞, the leading order result for the amplitude readsÂ t = N c
. The symbol N c is here the number of colors of SU(N c ), Q t is the electric charge factor of the top quark, α is the fine-structure constant, and G F is the Fermi-coupling constant. By integrating out the heavy top-quark one can construct a heavy top-quark effective Lagrangian which describes the interactions of the Higgs field H with the photon field and the n l light quark flavors, which are considered as massless
The symbol v 0 is the vacuum expectation value and F ′ 0 µν is the field strength tensor. The subscript 0 denotes here and in the following a bare quantity and the prime implies quantities in the effective theory with n l light active quark flavors. The coefficient function C
depends on the decoupling function ζ 0 gγ , which relates, after renormalization, the MS renormalized fine-structure constant in the effective and full theory with n f = n l + 1 active quark flavors:
The decoupling function ζ 0 gγ can be determined by the computation of the hard part of the photon vacuum polarization function Π 0h (q 2 , m 0 t ) at zero momentum, q 2 = 0, e. g. by considering only those diagrams which involve the heavy top quark, Fig. 1 shows some example Feynman diagrams which contribute to the calculation of Π 0h (q 2 = 0, m 0 t ). In the following we decompose the hard part of the vacuum polarization function into three contributions:
The first term Π and arises from the diagrams in which the external photons couple only to top quarks. In contrast, the second term . The last term arises from singlet diagrams which are characterized by the fact that one photon couples to a light quark loop and the other photon to a massive top-quark loop. This last term is proportional to the charge factors Q t Q q i and appears for the first time at four-loop order.
For the decay process H → γγ we will in the following consider only those gaugeinvariant contributions for which the photons couple directly to a top-quark loop. Making Eq. (2) explicit one obtains for the effective Higgs-photon-photon coupling the Lagrangian
As a result of this one can determine from the hard part of the photon vacuum polarization function the leading top-quark contribution of the bare amplitude A
Considering QCD corrections the MS renormalized vacuum polarization function obeys the RGE
(µ) and m t ≡ m t (µ) are the strong coupling constant and the top-quark mass renormalized in the MS scheme. Both depend on the renormalization scale µ. Eq. (6) can be used in order to check the scale dependent part of Π 0h t (q 2 = 0, m t , a s , µ). The anomalous dimension γ V V has been computed in Ref. [24] up to fiveloop order. The mass anomalous dimension γ m = ∂ ln mt ∂ ln µ 2 as well as the QCD β-function β = ∂as ∂ ln µ 2 are known up to four-loop order in Refs. [25] [26] [27] [28] . Indeed β, γ m and γ V V are known at least one order higher in perturbation theory than needed in order to check the µ-dependent part of the vacuum polarization function up to four-loop order. This allows in turn to predict the µ-dependent part of Π 0h t (q 2 = 0, m t ) at five-loop order from Eq. (6). The µ-independent part, however, remains unknown, but it is also not needed for the computation of the contributions of the Higgs-boson partial decay width into two photons which are considered in this work.
In the next section we will start with the computation of the complete decoupling function ζ 2 gγ up to four-loop order. The latter is then used in order to determine the contributions to the amplitude A ∞ t of the Higgs-boson decay into two photons. A detailed description of the renormalization procedure of ζ 2 gγ can be found in Ref. [23] . The bare and renormalized decoupling function are related by the field renormalization constants Z ph of the photon field A µ in the effective and full theory,
where we have introduced the shorthand ζ ph ≡ ζ 2 gγ . The renormalization constant Z ph in QCD can be found in Refs. [29, 30] up to four-loop order. We define the perturbative expansion of the decoupling function ζ ph by
with the dimension of the quark representation of the color group d R . For the SU(3) color group we have d R = 3. The expansion coefficients up to order a 2 s are known from the results of Refs. [23, 31] and are given in Appendix A. At four-loop order (k = 3) the contribution proportional to Q 2 t can be obtained partially from the results of Refs. [32, 33] for SU(3) explicitly. In the next section we will generalize them for an arbitrary value of N c and augment them also by the still unknown contributions proportional to Q 2 q i and Q q i Q t .
Calculation and results
The non-singlet, four-loop contribution in perturbative QCD to the photon vacuum polarization function at q 2 = 0 was first computed in Refs. [32, 33] for the SU(3) color group. In this work we will add in addition the afore mentioned terms Π h q i (q 2 = 0, m t ) as well as the singlet contributions Π 0h tq i (q 2 = 0, m 0 t ) which are given by the diagrams in which the two photons couple to two different fermion loops. They are distinguished from the other diagrams by the multiplicative color factor of the symmetric structure constant
The symbol T F denotes the normalization of the trace of the SU(3) generators T a = λ a /2 in the fundamental representation, which is conventionally chosen as 1/2. The symbols λ a are the Gell-Mann matrices. In order to reconstruct the general SU(N c ) color structure of all diagrams which contribute to the four-loop QCD corrections we generate them in the first step with the program QGRAF [34] . The arising four-loop integrals are then evaluated at q 2 = 0 and mapped to the proper notation which is needed for the subsequent reduction process with the programs q2e and exp [35, 36] . This reduction to master integrals is performed with a FORM [37] [38] [39] based program which employs the traditional integration-by-parts method [40] in combination with Laporta's algorithm [41, 42] . We use FERMAT [43] for the simplification of the rational functions in the space-time dimension d which arise as coefficient functions of the loop integrals. The remaining dimensionally regulated master integrals are known to sufficient high order in the ε-expansion [44, 45] with ε = (4 − d)/2. Analytic results for specific master integrals or specific orders in the ε-expansion have also been obtained in Refs. [32, [46] [47] [48] [49] [50] [51] [52] .
The resulting renormalized decoupling function ζ
ph (m t , µ) can be decomposed into several gauge-invariant contributions. In a first step we separate the three terms which are distinguished by different combinations of the charge factors Q q i and Q t depending on whether the external photons couple to a massless quark or a massive top quark,
ph,tq (m t , µ) .
The non-singlet diagrams can be again subdivided according to the number of inserted closed fermion loops. The symbol n l labels in the following the number of massless quarks in an inserted closed fermion loop, whereas n h = 1 labels the insertion of a massive fermion loop into the vacuum polarization function. The renormalization of the terms proportional to Q 2 t and Q t Q q i in Eq. (9) is straightforward. The results read
ph,t (m t , µ) = C 
where the symbol a n = Li n (1/2) is given by the polylogarithm function Li n (z) = in Eq. (9) requires in addition the QCD decoupling function of the strong coupling constant including higher orders in the ε-expansion. The latter can be extracted from the calculation of the QCD decoupling function of Refs. [53, 54] ; or, alternatively, they can be derived by combining the results of Refs. [55] [56] [57] . The result for ζ (3) ph,q (m t , µ) reads 
We used the RGE in Eq. (6) to check the µ-dependent part of the calculation. Eqs. (10)-(12) extend the result of Ref. [23] for the decoupling function ζ ph by one order in perturbation theory.
In the next step we exploit Eq. (2) and (5) respectively in order to derive in the heavy top-quark mass limit the four-loop QCD corrections for the fermionic amplitude A ∞ t of the decay H → γγ. The perturbative expansion of the MS renormalized amplitude A ∞ t is given by
The expansion coefficients A (1) and A (2) are given for completeness in Appendix B. As described already in the introductory text, at one-, two-and three-loop order the results are also known with the top-quark mass dependence. At four-and five-loops we restrict ourselves to those contributions of A (3) and A (4) for which the photons couple to a massive top-quark loop and which can be related to the vacuum polarization function Π h t (q 2 = 0, m t ). These contributions will be labeled in the following by A (3) | γtt-approx and A (4) | γtt-approx . Starting from three-loop order in QCD there arise diagrams, where the Higgs boson and the two photons do not couple to the same fermion loop. In order to separate these singlet from the non-singlet contributions, e.g. those diagrams where all three external particles couple to the same fermion loop, we perform a second calculation. For this purpose we act with the derivative with respect to the top-quark mass on the amplitude already at the level of the diagram generation, before the integration is performed and we introduce the label si = 1, which serves only as a separator in order to distinguish these singlet contributions from the remaining amplitude. For each appearing color structure which contributes to the amplitude A (3) | γtt-approx of Eq. (13) we show one example diagram for the whole diagram class in Fig. 2 . 
The result for N c = 3 of Eq. (15) agrees with the one of Eq. (55) in Ref. [23] which, in contrast, has been obtained with the help of the mass anomalous dimension and β-functions. The last two terms in the square brackets of Eq. (15) arise from the diagrams with the color structure d abc d abc in Eq. (14) . They originate from the last diagram class shown in Fig. 2 . This separation allows for a straightforward comparison with the results of Ref. [23] .
At three-loop order mass corrections have been computed in Refs. [21, 22] . Since the mass of the Higgs boson is now known to be m H ≈ 126 GeV one can expect that these mass corrections are small, since they are suppressed by factors of τ t = m 2 H /(4m 2 t ) ≈ 0.14 for m t (m H ) = 166.79 GeV. The latter value was derived from the top-quark mass of 173.07 GeV of Ref. [58] . For the RGE running to different energy scales we use here and in the following the program RunDec [59] . The smallness of the mass corrections for the Higgs-boson mass of m H ≈ 126 GeV can also be seen at three-loop order in Fig. 2 of Ref. [21] as well as in Fig. 3 of Ref. [22] . As a result of this we focus in this work only on the lowest expansion coefficient.
For a Higgs-boson mass of m H ≈ 126 GeV the bosonic one-loop amplitude A W is real and the QCD corrections to the fermionic amplitude A t develop an imaginary part starting from three-loop order. These imaginary parts have been determined at threeloop order in Ref. [22] . At four-loop order the contributions to the amplitude A (3) which originate from the diagrams shown in Fig. 3 and those labeled with si in the last line of Fig. 2 can in general develop an imaginary part due to a massless cut. We have checked by using the MATAD and MINCER [60] [61] [62] routines that they do not appear in Eq. (14) for the diagram classes in the last line of Fig. 2 . One can expect that they are also suppressed by higher powers of the mass correction m 2 H /(4m 2 t ) like at three-loop order. We have also used the logarithmic parts of Eqs. (11) and (12) in order to derive the contributions which are proportional to the charge factor Q q i of the light quarks and find agreement with the result of Ref. [23] . The determination of the real and imaginary part of the diagrams of Fig. 3 is beyond the scope of this work. In particular the imaginary part of the QCD four-loop amplitude contributes to the partial decay width only beginning at order α 5 s , so that we do not consider them here. Finally at five-loop order we determine first the scale dependent part of the photon vacuum polarization function in the limit of a heavy top-quark mass with the help of the RGE of Eq. (6) . From this result we derive the five-loop contribution A (4) | γtt-approx of Eq. (13) to the amplitude of the Higgs-boson decay into two photons which arises from 
withȃ s = α s (µ = m t (m t ))/π. At three-loop order the complete singlet contributions are known and sizable [22] . Depending on the choice of the renormalization scale they can become approximately as big as the non-singlet ones, like in Eq. (18), or up to a factor three larger, like in Eq. (17) [22] . One can expect that the same holds at fourand five-loop order. In the following we will use the new contributions in order to study the reduction of the scale dependence. For that purpose we determine the decay width Γ large mt γtt-approx (H → γγ), which contains only the leading contributions in the heavy top-quark mass limit for the diagrams, where the photons always couple to top quarks only. The dependence of Γ large mt γtt-approx (H → γγ) on the renormalization scale µ up to five-loop order is shown in Fig. 4 . Going from one-loop to five-loop order the scale dependence continuously decreases. The mass corrections and singlet contributions, which are not contained in Fig. 4 , are known up to three-loop order. In the next step we include them too. The mass corrections decrease the decay width. For the numerical evaluation we use the following input parameters for the fine-structure constant α = 1/137.035999074 [58] and the strong coupling constant α s (M Z ) = 0.1185 [58] , which we evolve to the Higgs-boson mass scale µ = m H . For the partial decay width including the QCD corrections we obtain for m H = 125.9 GeV [58] Γ(H → γγ) = 9.370 1-loop +0.168 2-loop +0.008 3-loop −0.002 4-loop,γtt-approx +0.0004 5-loop,γtt-approx keV , where each term corresponds to the next order in the perturbative expansion. The fourand five-loop orders contain only the contributions where the photons couple to a top quark in the heavy top-quark mass limit which is considered in this work. Their size can change once the complete result becomes available. Its calculation is beyond the scope of the present work. We convert the top-quark mass to the on-shell scheme [63] [64] [65] [66] [67] [68] and include also the twoloop electroweak corrections of Refs. [10, 11] . For the Fermi-coupling constant we use G F = 1.1663787 · 10 The different terms corresponds to the one-loop, two-loop and three-loop contribution, where we have subdivided the two-loop term again into QCD and electroweak(EW) corrections. The partial decay width changes by about ∼ 0.13 keV when the Higgs-boson mass is varied within its current uncertainty of ±0.4 GeV.
Summary and conclusion
The decoupling function ζ 2 gγ relates the MS renormalized fine-structure constant in the full theory with n f = n l + 1 active quark flavors to the MS renormalized fine-structure constant in an effective theory with n l light active quark flavors. We have computed the complete decoupling function ζ 2 gγ at four-loop order in perturbative QCD for a general SU(N c ) color group as a new result. The decoupling function enters into the description of an effective Higgs-photon-photon coupling in the heavy top-quark mass limit. As an application of the calculation we have used the effective theory in order to determine the four-loop QCD corrections in the heavy top-quark mass limit to the decay amplitude H → γγ for those contributions for which the photons couple directly to the top quark. The calculation of the amplitude agrees with a known, independent result in literature. In addition we also extended this calculation to five-loop order by using the anomalous dimensions in combination with the renormalization group equation of the vacuum polarization function. Finally we study the reduction of the scale dependence and perform a numerical evaluation of the partial decay width. Its dominant uncertainty arises from the error in the Higgs boson mass.
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The symbols which appear in Eqs. (19) and (20) are defined in Section 3.
B Fermionic amplitude in the heavy top-quark mass limit at two-and three-loop order
For completeness we give here the result for the fermionic amplitude at two-and three-loop order in the heavy top-quark mass limit 
where we have taken the last terms, which are proportional to Q 2 q i
, from Ref. [22] . The symbols which arise in Eqs. (21) and (22) are again defined in Section 3.
